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1.5. Magnetic Field Analysis in Accelerator Magnets

In this section an outline of the formalism and theory used in carrying out the field
calculations in the superconducting magnets is given. Starting from first principles, basic
expressions are developed which are used in designing and describing the magnetic fields in
the accelerator magnets.

The uniformity of the magnetic field is very important since it determines the per-
formance of the machine. A typical requirement for the field quality in the accelerator
magnets is that the deviation from the ideal shape should be within a few parts in 10%. The

uniformity of the field is expressed in terms of the Fourier harmonic components.

1.5.1. Basic Electromagnetic Field Equations

The calculation of the magnetic field in accelerator magnets is too complex to be done
directly by solving Maxwell’s equations. However, the most complicated formulae describing
the field shape in the magnets are derived primarily from them. In this section, Maxwell’s
equations and other commonly used expressions of electro-magnetic theory [95,129,150] are
briefly described. Although the magnetic field in the accelerator magnets is not static in
time, the effects of time variation are by and large negligible in the problems to be addressed
during the course of this work. Therefore, most of the detailed analysis is limited to the
magneto-static case only.

The four Maxwell’s equations are :

V.D =p, (1.5.1a)
V-B =0, (1.5.1b)
. OB
E4+ = — 1.5.1
VX E+ 5 0, (1.5.1¢)
. . 8D

Here H is the magnetic field, E is the electric field, B is the magnetic induction and
D is the displacement vector. p denotes the charge density and J the current density, and

these two are related by the following continuity equation,

5

r, Op
vV-J+ L =0 1.5.2
+ 5 (1.5.2)
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Furthermore, B and H are related by the following equations:

E — —
— = H+ M, (1.5.3a)
o
E —>

- H, (1.5.3b)
Jifto

where 1, is the permeability of the vacuum (g, = 47 X 10~7 henry/meter) and y is the
relative permeability of the medium (relative with respect to that of vacuum). Often, p
is simply referred to as the permeability (which is in fact the case in CGS units) and the
same convention is followed here unless otherwise explicitly mentioned. M denotes the
magnetization (or magnetic polarization) of the medium. In free space (vacuum) M is 0.
In an isotropic medium H , B and M are parallel to each other.

Furthermore, D and E are related by the following equations:

D=cE+P, (1.5.4a)

—

= ¢, F, (1.5.4b)

]

where P is the electric polarization and ¢, is the permittivity in vacuum (€, = 8.854 x 10~*2
farad/meter). € is the relative permittivity of the medium. In free space (vacuum), the
electric polarization is 0.

The constants ¢, and p, are related through the relation

60/1/0 = 5
cZ

where c is the velocity of light (¢=2.998 x 10® m/s). Since B has a zero divergence, it may
be expressed in term of a magnetic vector potential A as

— —

B=VxA. (1.5.5)

—
1

The vector potential A can be obtained at any point (7) due to a current density J(r')

with the help of the following integral equation :

dv, (1.5.6)

. 7(r)
A =Fhe / /

i Jv |7 — 7'
where 7 and ' are three dimensional coordinates and dv is the three dimensional volume

element.
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The components of the field in Eqgs. (1.5.5) in Cartesian coordinates are given by

_0A, 04,

Bo= 5 5 (1.5.7a)
B, = 33*? _ 33“;1;, (1.5.7b)
B, = aaiy - aa‘j;, (1.5.7¢)
and in cylindrical coordinates by
1 (36*‘;) - %, (1.5.7d)
By = aa‘i’" - 36‘;{1, (1.5.7e)
B, = % (a(gf") - aa‘:;") . (1.5.71)

The research work to be described is restricted to static magnetic fields only and electric
fields are not considered. During the accelerating cycle of the machine, the magnetic field
does change with time in the superconducting magnets. However, for the problems to be
discussed during the course of this work, the change in magnetic field has negligible effect
on field quality. Therefore the following two Maxwell’s equations for the magnetostatic case

are used in developing various formulae

V.-B=0, (1.5.8a)
VxH=1J. (1.5.8b)
Ampeére’s law
f H.-ds=1, (1.5.9)
S

can be obtained from Eqgs. (1.5.8b) by integrating and using Stoke’s theorem :

fcﬁ-df:/s(vXﬂ-ﬁda

where V is a well behaved vector field, S is an open arbitrary surface, C is the closed curve
bounding S, dl'is a line element of C, and 7 is a vector element normal to S. The right hand
side of the equation simply states that I = [ J - fida is the total current flowing through the
area.

Poisson’s equation for the vector potential is derived here under the assumptions that
B = ;LO;LI:_f, the medium is homogeneous (i.e. y is constant over a finite space) and isotropic.

Using B = ,uo,uI-_j and B=V x 4 in Egs. (1.5.8), one obtains :

VX VxA=popl. (1.5.10)
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The following identity is used to simplify the above equation :
V2A=V (V- 4) -V xVxA4 (1.5.11)

In Cartesian coordinates the above Laplacian operator (V? ) can be applied to a vector A

h

whose ¢'" component is V24, . In other coordinate systems Eq. (1.5.11) must be used to

determine the expression for V24, In the cylindrical coordinate system :

- 18 ([ 0A 19%4
2 _ - i id

VA, = - (r . ) 2 592 (1.5.12)
when A, = Ay = 0 by symmetry (axial symmetric case).

The choice of V - A has thus far has been arbitrary and it is made zero in the Coulomb

gauge (in the magnetostatic case). In that case Eq. (1.5.10) leads to Poisson’s Equation as
VA = —popd. (1.5.13)

In the 2-dimensional case, when the direction of current flow is parallel to the z-axis,
J, = J, = 0. This implies that 4, = 4, = 0 and % = 0. Therefore, the above expression
becomes,

V2A, = —popd,, (1.5.14)

which in the Cartesian coordinate system gives :

0%A, 0°A,

W 3—y2 = —/.l/ol.LJz. (1.5.15)

In the case of axial symmetry, the Eq. (1.5.14) in cylindrical coordinates becomes :

10 (04,\  10°4,
r 8r (7' or ) + r2 992 = —popd ;s (1.5.16)

on using Eq. (1.5.12).
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1.5.2. Field Harmonic Definitions

It is useful to describe the magnetic field inside the aperture of accelerator magnets
in terms of harmonic coefficients [96,140,144,175]. The discussion will be limited to 2-
dimensional analysis, which describes the field in the body (or straight section) of a long
magnet. When the magnetic field is evaluated a few aperture diameters away from the two
ends of the magnet, the axial component of the field is negligible. The accelerator magnets
examined here are those in which the field is consists of one fundamental harmonic which
is several orders of magnitude larger (usually 10*) than any other harmonic present.
The skew (a,) and the normal (b,) field harmonics are defined through the following
relation :
B, +iB, = 10*By, i by + i an][cos (nd) +i sin(nf)] (Rio) (1.5.17)

n=0

where B, and B, are the horizontal and vertical components of the magnetic field at (r,f)
and i = /—1. R, is the normalization radius. The magnets for the Relativistic Heavy Ion
Collider (RHIC) have a coil radius ranging from 40 mm to 90 mm. In most of these magnets,
the normalization radius is taken to be g of the coil radius. The value of the normalization
radius is 25 mm for the 80 mm aperture diameter of the RHIC arc dipoles and quadrupoles,
40 mm for the 130 mm aperture of the RHIC insertion quadrupoles, 31 mm for the 100 mm
aperture of the RHIC insertion dipoles and 60 mm for the 180 mm aperture RHIC insertion
dipoles [140]. Bp, is the magnitude of the field due to the fundamental harmonic at the
reference radius on the midplane. In the dipoles, By, = B, (the field at the center of the
magnet), in the quadrupoles, Br, = G X R, (G being the field gradient at the center of the

magnet), and in general for a 2(m + 1) pole magnet,

BR:

0

R™ [amBy

- ) 1.5.18
m! | Oz™ ]z:o,y:o ( )

Eq. (1.5.17) can be re-written in several other forms using complex variables. In this

section z represents the complex coordinate and B(z) represents the complex field as follows:

z=z + iy,
(z + i y)" =r"(cos[nf] + i sin[nd]),
B(z)=B, + i B,

cn:bn‘l' iana
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Thus :

B, +iB, =10"'Bs 3 [ba+i a[e + iy (—) (1.5.19)

n=0

B(z) = 10~*Bp, i cn (Rio)" (1.5.20)

n=0
The harmonics used so far (a,, b,, c,) are all dimensionless coefficients. However, in
another representation, the field is expressed in terms of coeflicients which carry the units
of magnetic field. These are usually distinguished from the harmonics a, and b, given in

Eq. (1.5.17) by the use of the uppercase alphabet. The two are related as follows:

A, 1 =107"Bg, a,, (1.5.21a)
B, = 107*Bg, b,, (1.5.21b)
Coni1 = 107"Bpg, c,. (1.5.21c)

Using these, Eq. (1.5.20) can be written as :

B(z) = g:lcn (Rio)n_l. (1.5.22)

In this case the summation begins from n = 1 instead of n = 0. Sometimes C,, is also
written as C(n).

The definition for the field harmonics used so far is the one which is more common in
U.S. laboratories. The European laboratories (such as CERN and HERA) use a slightly
different definition [179]. The two are related as follows :

(a’"+1)Europe = - 10_4 (a’")US

(b"-l-l)Europe: 10_4 (b")US

Yet another representation of field harmonic is used in beam dynamics calculations
where the particle trajectory is studied in the machine [25]. For this purpose, the field is
expressed in the form of a Taylor series. The vertical component of the field on the median

plane is expressed as

B, (z,0) = il[dmy]o 2", (1.5.23)

— n! | dz
where the subscript 0 implies that the derivatives are evaluated at the equilibrium orbit
(which is generally at the center of the magnet). n=0 gives the vertical component of the

field at the center of the magnet, which is represented as B, and the above equation becomes

>. 1 [d"B
B, (z,0) = By, + Zﬁ[dm"y]o z", (1.5.24)
n=1 """
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Similarly, the horizontal component of the field (B,) on the horizontal axis (X-axis) is

expressed as :

! [d B’] 2. (1.5.25)

B, (2,0) = Z n! | dz”

where, the subscript 0 implies that the derivatives are evaluated at the equilibrium orbit.
n=0 gives the horizontal component of the field at the center of the magnet, which is ideally
zero in the magnets considered here.

The following are defined :

1 [d"B
k, = — Y 1.5.2
" BOP |: dz™ :|0, ( > 60’)
1 [d"B
h=— =l 1.5.26b
Byp [ dz" :|0 ( )

with p as the bending radius of the particle in the magnet and (Byp) as the magnetic
rigidity. Therefore, the Eq. (1.5.24) and Eq. (1.5.25) become

1 &1
B, (2,0) = Bop (; + Z Ekn m") , (1.5.27a)
n=1 """

=1
B, (z,0) = Bop (Z Ehn m") . (1.5.27b)
n=0 """

k, and h, used in the above equations can be related to a, and b, given in Eq. (1.5.19)

when the horizontal and vertical components of the field are evaluated on the horizontal

axis, respectively. Therefore, with b, = 10* and Bg, = By, one obtains
10=* n!
hy, = * ., (1.5.28q)
p Ry
10~ n!
k,, = ™ b, (1.5.28b)
p Ry

The expressions for the horizontal and vertical component of the field in Eq. (1.5.17)

can be separated out as

B, = 10_4B30;[b" sin(nf) + a, cos(nf)] (RLO) , (1.5.29a)
B, = 10_4B30;[b" cos(nf) — a, sin(nd)] (RLO) . (1.5.29b)

The radial and azimuthal components of the field can be computed by using the fol-

lowing relations :



REVIEW OF THE FIELD 29

(%) = (0 =@) (%) (1530

Therefore, the radial and azimuthal components of the field can be written as :

o0

B, =107*Bg, > [b, sin[(n+1)6] + a, cos[(n+1)6]] (RLO)" , (1.5.31a)
By = 10~*Bu, 3 b cos[(n+1)6] — a sin[(n+1)0] (RL) (1.5.318)

In order to represent the vector potential in terms of harmonics, the following relations

can be used :

104, 04,
r=ra0 4 Bo=—%0
since in the 2-dimensional case A, = A, = 0. Therefore, on integrating Egs. (1.5.31) one
obtains
00 RO r n+1
A, = —107*Bg, ”2:% (n n 1) [bpcos[(n+1)0] — a,sin|(n+ 1)46]] (R_o) . (1.5.32)

The inverse transform can be used to obtain individual field harmonics at a reference
radius R, in terms of field or vector potential. For this, first a component of the field or
vector potential is evaluated at a radius r and then the integration is performed over the

azimuth as follows :

an = _leg; (%) /0 " B, (r, 0) sin (nd) do, (1.5.33a)
_ 7r112; (%)" /0 " B, (r,0) cos (nd) o), (1.5.336)
= 71-112; (%)” /021r B, (r,0)cos((n+1)0) db, (1.5.33¢)
_ _leg; (%)"/O%Be (r,8) sin ((n +1)6) do, (1.5.33d)
_ %1;:) (% "H/O% A, (r,0)sin((n +1)8) db, (1.5.33¢)
b, = 7r112; (%)" /0 " B, (r, 8) cos (nf) db, (1.5.33F)
= 71-112; (%)” /021r B, (r,0) sin (nf) dob, (1.5.339)
_ ng; (%)"/jr B, (r,0) sin ((n + 1)6) do, (1.5.33h)
= 71-112; (%)" /021r By (r,0)cos((n+1)6) db, (1.5.33%)

_ _%BJ;:) (_0) /0% A, (r,0)cos((n+1)0) do.  (1.5.33])
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For the primary harmonic component n = m, when the field is perpendicular to the hori-
zontal plane, one obtains

b, =10* and a, =0.
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1.5.3. Analytic Expressions for Accelerator Magnets

Analytic expressions for the basic cosine theta superconducting magnet design have
been previously obtained and described by several authors [12-18,144,175,179]. Supercon-
ducting accelerator magnets are usually long cylindrical magnets with the current flowing
parallel to the magnet axis (z-axis). The geometry of these magnets is such that one can
compute the field in the body of the magnet by assuming that the current is carried by a
large number of wires parallel to the z-axis. The total field is obtained by simply super-
imposing the field created by these wires. For this purpose, it is suitable to carry out a
2-dimensional analysis in the cylindrical coordinate system. A three dimensional analysis
will be necessary for computing the field at the ends of the magnet.

Accelerator magnets are designed to produce a well defined field in the aperture of
the magnets. The field in the aperture is constant for dipoles, the first derivative of the
field is constant for quadrupoles and, in general, the n'* derivative is constant for the n'h-
order multipole. In the following sections, the current distributions needed to produce such

multipole fields will be obtained.

1.5.3.1. Field and Vector Potential due to a Line Current

To compute the magnetic field and vector potential due to a single infinitely long wire,
it is assumed to carry a current I in the z-direction which is perpendicular to the plane of
paper. The field outside this wire at a perpendicular distance R from it will be computed.
The cylindrical coordinate system is used to take advantage of the symmetry of the problem.

The magnetic field produced by this wire can be directly calculated by using the integral
equation § H - ds = I (Eqgs. (1.5.9)) which gives:

I
H=— 1.5.34
27 R’ ( )
and in a medium having a relative permeability of u
Tppo
B=—/. 1.5.35
2R ( )

The components of vector potential in cylindrical and Cartesian geometry can be written

as

(1.5.36a)

PN
nN

|

=

Y=
NN

3
—
&) =
N

r =4 =0, (1.5.360)

A, = A, =0. (1.5.36¢)
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The validity of the above relation is verified when the curl of the vector potential is taken

to obtain the magnetic field as per Egs. (1.5.7). This gives B, = B, = 0 and By = ’;’:}?{;
which is the same as in Eqs. (1.5.34) with only one component of the field present.

In accelerator magnets, the magnetic field and vector potential are usually expressed in
terms of harmonic components. To develop this formalism a line current is assumed to be

located at a point “Q” (at @) and the magnetic field produced by it is computed at point
“P” (at 7), as shown in Fig. 1.5.1. The distance between the two is B = 7 - @ with the

magnitude |R| = /72 + a®> — 2racos(6 — ¢).
In this section, the computations will be mostly done in a space free of magnetic material
where the relative permeability u is one. Moreover, to simplify the expressions to follow,

Eq. (1.5.36a) is re-written after adding a constant :

A (r,0) = Pl (5) ; (1.5.37)

27 a
the addition of such a constant does not change the magnetic field which is a derivative of
A,.

Now A,(r,8) will be given in terms of a series expansion containing, in general, sum-
mation of terms like (£)™ and (2)™, together with trigonometric functions like cos(mf)
and sin(mé). The exact solution will depend on a particular problem. For example, in the
solution of the case when r approaches the origin (7 — 0), the (2)™ terms can’t be present.
Similarly in the solution of the case when r approaches infinity (r — o0), the (2)™ terms
can’t be present.

In order to obtain an expansion of the In in Eq. (1.5.37), the following manipulation is

carried out :

R>=7r"+a® —2ra cos(0 — @),
R_ (1 _ (f) ei(¢—o)) i (1 _ (f) e—i(¢—0)) .
a a a
1 . 1 .
In (E) = =In (1 - (Z) e'(¢_9)) + —in (1 - (f) e_’(¢_9)) .
a 2 a 2 a
For |z| < 1, the logarithmic expansion is given by
z? 23 .z
Therefore, forr < a

(8- BEOE Q]

n=
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P(r9)

[GUPTA.THESIS.FIGURE]DEMOFIG.DAT;1 11:45:50 , 21-MAY-94 GPLOT

Figure 1.5.1: Computation of the field at a location “P” produced by
the line current located at a position “Q”.

In (%) . 2 (%) (g)ncos (n(d—9)). (1.5.38)

Substituting Eqs. (1.5.38) in Eqs. (1.5.37) the desired expansion for the vector potential is
obtained (for r < a):

A, (r,0) = ’;f 3 (1) (f)"cos (n(¢— 0)). (1.5.39)

a



REVIEW OF THE FIELD 34

The magnetic field components are obtained by using Egs. (1.5.7) and Egs. (1.5.37)
with A, = 44 =0:

1 (84,
B, =~ ( o ) : (1.5.40a)
04,
By= -7, (1.5.400)
B, = 0. (1.5.40c)

Therefore, for r < a, one would obtain :

B, = Pl ¥ (f)n_ sin[(n) (¢ — 0)], (15.41a)

2ra = \a
oI © n—1
Bo= 32 ; (2) cos[(n) (¢ — 9], (1.5.41b)
B =0. (1.5.41c)

In order to compute the harmonics components, the above equations are compared with
Egs. (1.5.31). It should be noted that there the summation starts from n = 0 instead of
n =1 in Eq. (1.5.39). The following expressions for the normal and skew harmonics at a

reference radius R, are obtained for a line current located at (a, @) :

b, = 10° (&) cos[(n+1) 4], (1.5.42a)
a
4, = —10° (&) sinf(n+1)4], (1.5.42b)
a
_ pol
and By, = — 5.

For r > a case, the following rearrangement is performed to obtain an appropriate

expansion :

R _ (f) 1_ (2) ei(¢—0)) ’ (1 _ (2) e—i(¢—0)) :
a r r ’
el () - ()
2 T 2 T
1S /1 [a\" 1N /1) [a\" _,;
_ 1= N[ Z) i n(e-0) L = V[ ZY) gt n(e-0)
l2,;(n)(r)e +2;(n)(r)e l’
T > /1\ [a\"

=lIln|l—-) - = - —8)). 1.5.43
J=m(2) -2 (3) (%) costis -0y (1.5.43)
Therefore, for r > a, one obtains the following expression for the vector potential :

A, (r,0) = _ﬂolm(f) + ’;; 3 (%) (%)ncos (n (6 8)). (1.5.44)

271' a n=1

S
TN

)
N
Rl ol X
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The magnetic field components are obtained by using Eqs. (1.5.40) :

oI 00 n+1 )

B, = bl > (g) sin(n (¢ —0)), (1.5.454)
OI 00 n+1

By = bt > (g) cos (n (¢ — 6)), (1.5.45b)

B, = 0. (1.5.45¢)

It may be noted that in the expression for B,, the summation in n starts from n = 0
instead of n = 1. The (B,, B,) components of the field can be computed using the following

relation:

(2) - (20 20y () -
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1.5.3.2. Line Current in a Cylindrical Iron Cavity

Expressions are obtained here for the vector potential and magnetic field due to an
infinitely long paraxial filament of current I at a radius a in a cylindrical cavity having a
radius R; > a. The iron is infinitely long and infinitely thick and has a constant relative
permeability g, which is referred to here simply as permeability following the convention
explained earlier. The method of image currents can be applied to include the contribution
from the iron [179]. The expressions are obtained here by matching the boundary conditions
at the interface of the air and iron boundary [19]. General expressions for the vector

potential and the components of the field in the region a < » < Ry, are given by :

0= () () (2 et

+ Lo i E,r"cos(n (¢ —0)), (1.5.47)
oI > it .

B, = gﬂ'a "2::1 (g) sin(n(p—0))
+ Lo i nE,r" 'sin(n(¢ —9)), (1.5.48a)
I 0 - n+1

Hy, = 9ra 2 (g) cos(n (¢ —0))
— i nE,r" 'cos(n(¢ - 9)), (1.5.480)

and in the region r > R; :

A, (r,0) = ,u,quoln(f)
a

T g, ilF (3) costnio-o0y, (1.5.49)
B, = ,u,uonij:lnFn (%)"+1 sin(n (¢ —0)), (1.5.50a)
a_ B

+ il nF, (%)"+1 cos (n (¢ — ), (1.5.508)

where E, and F,, are coefficients which can be determined by the boundary conditions at

r = R; that

(BT)aiT = (BT)iTon ?
(He)air = (He)ir0n7
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i.e. the normal component of B and the azimuthal component of H are continuous. There-

fore, the required boundary conditions at r = R; for n # 0 gives :

ll/gI a n+1 - ( 1 )n-l—l
= o E.R;" = Fo( =
2ma (Rf) e d Tk B R; ’

I a n+1 1 n+1
()" o (L)
27ra(Rf) n f n Ry ’

which gives

lp—-1 1 a\"

E, = netl 2w (R_?f) , (1.5.51a)
1 2 I

F, = np il 2ra a™t. (1.5.51b)

The n = 0 term appears only in the expression for H, and on matching the boundary

condition, one obtains :

I  F
271'Rf N Rf,
which gives
I
F,=——. 1.5.52
5 ( )

The expressions for vector potential and field components for a < r < R; case are

obtained when E, from Eq. (1.5.51a) is substituted in Eq. (1.5.47) and Eqgs. (1.5.48) :

A, (r,0) = —’;"I zn(f)
Y3

a

,uOI°°1(a)" ,L—1(r)2"

—| - — 1+ —( — 1.5.

B, = #OIi(g)"H in(n(¢—6)) 1+—“_1(L)zn (1.5.54a)

T_27mn:1 ; sin(n PESRVY R .b.bda
MOI MOI fe’s) (a)n-l—l #_1( r )2”

B, = — -0 1—— . (1.5.54b

o 271'7'—|_27ra":1 P cos (n (¢ ) pw+ 1\ Ry (1.5.54)

In the above equations, the second term in the square brackets is the additional contribution
of the iron to the field produced by the coil.

To obtain the expressions for the vector potential and field for » < a it must be noted
that a current filament is present at » = a. However, the radial component of the field B,

must still be continuous, i.e. at r = a

B, (in) = B, (out),
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where B, (in) and B, (out) are the magnetic induction for r < a and a < r < R; respectively.
The presence of the source (current), however, gives a discontinuity in the azimuthal com-
ponent of the field Hy with Hy(in) - Hg(out) determined by the current density at » = a.
A general expression for the vector potential for » < a is given by (see Eq. (1.5.39)):

A, (r,0) = p, i I, r"cos(n (¢ —0)), (1.5.55)

where the I, are unknown coefficients. Using Eqgs. (1.5.40) :

B, = p, ZI" n r"“'sin(n (¢ —9)), (1.5.56a)
n=1
By = —p, ZI" n " 'cos(n(¢p — 0)), (1.5.56b)
n=1
B, =0. (1.5.56¢)
In order for B, to be continuous at » = a one obtains from Eq. (1.5.56a) and E-
q. (1.5.54a) :

I /1\/1\" p—1/(a\*>"
IL=—|-)|~- — | = . 1.5.57
27r(n)(a) +,u+1(Rf) ] ( )

Using this in Eqgs. (1.5.56) gives the expressions for the field and vector potential for r < a

Al (i)%l . (1.5.58)

as

4.0 =225 (1) (5) cos (n (9 - 0)

bl (i)znl : (1.5.59a)

wa “— \a p+1\R;
By = — Pol i (f)n_lcos (n(¢—0)) |1+~ 2 (i)zn (1.5.59b)
7 " ora —i\a p+1\R; ’ e

=
I
[

(1.5.59¢)

To compute the field harmonics the procedure of Eqgs. (1.5.42) is repeated. As before,
the summation over n in the above is now changed so that it starts from n=0 instead of

n=1.

b, = 10" (&)” cos((n+1)¢)

a

-1 2(n+1)
1+ h (Rif) , (1.5.60a)

-1 2(n+1)
1+ ( - ) l . (1.5.600)

4 RO " .
a, = —10 (—) sin((n+1)¢) L1 \R,

a
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All expressions derived so far reproduce the results obtained from the method of images
[179] which says that the effect of iron can be replaced by an additional line current I "located
at (a', ¢) with

, 1
I:("—)I,
p+1
, R
a =L,

a

The expressions for vector potential and field components for » > R; case are obtained

when F,, from Eq. (1.5.51b) and Eq. (1.5.52) are substituted in Egs. (1.5.49) and Eqgs. (1.5.50)

A, (r,60) = —";‘;Izn(f) NS (1) (g)"cos (n(d—0)  (1.5.61)

a p+12w —\n
2 pol & (a)"“ .

B, = . —0)), 1.5.62
ptizmaz\y) Sm@-0) (1.5.62a)
pipto] 2 pol & (a)""’1

Bo = - —9)). 1.5.62b

7 onr —I_,u—|—127ra"2::1 r cos (n (¢ —0)) (1.5.62b)



REVIEW OF THE FIELD 40

1.5.3.3. Line Current in a Cylindrical Iron Shell

In deriving the expressions for the vector potential and field due to a line current inside
an cylindrical iron it was assumed in the last section that the iron outer boundary extends
to infinity. This is, however, not the case in practice. If the outer diameter of the cylindrical
iron shell is R,, then the general expressions for the vector potential in the various regions

are given by :

A, (r,0)=p, ZI,; r"cos (n (¢ — 0)), [for r<al (1.5.63a)
oI r o o= 1\ [/a\"
A.(r0) = i (5) 4 2L 3 () (2) eos (n(p - )
+ Lo Z E.r"cos (n (¢ —0)), [for a <t <Ry (1.5.63b)

A (r,0) = s, FIn( %)
+ it iF (3) costnis-9)

+ pit, i G, r"cos (n (¢ — 0)), [for R;<r<R, (1.5.63¢c)

n=1

A (r,0) = Bt ()
a

+ 1o i H, (%)" cos(n(¢p —9)), [for > R,] (1.5.63d)

Following an approach similar to one used in previous section, the five coeflicients
(E,, F., G,, H,, I,) are obtained by matching the five boundary conditions (B, is con-
tinuous at » = a, r = R; and r = R, and By is continuous at » = R; and » = R,). The

results of that exercise for n > 0 are given here :
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; -1) I 72
G, = _(("+ 1))2 — (RZ — (1.5.64d)
-1 R
k() ()
) 2 I "
H, = "1 ; — . (1.5.64e)
- R
R N CONON
and for n = 0, the terms are:
) ) I
F, = H, = ~or (1.5.65)

Therefore, the expressions for the vector potential and field components in various
regions due to a line current I at (a, #) inside a cylindrical iron shell having inner radius Ry
and outer radius R, are given as follows (in each case B,(r,6) = 0) :

Inside Coil(r < a)

n=1

o= E0) R 6 1y

(;)ncos (n(p—29)) . (1.5.66)

(2)"_1sin(n(¢ —0) (1.5.67a)

[.LOI <] /1/_]- ( a )271
By=— iy LN x
n—1
f) cos (n(¢—6)) (1.5.67b)
a

Between Coil and Iron

—~

a<r<Ry)

I I Z“’ 1 () [1 - (# Zm]
I a
A, (r,0)= £ ln(z) + % (_) t : .

27 a
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(&) sintno - 0)

o0

?

(7)1

BGZI'I’OI_I_/I’OIZ 1_

2rr  27wa 1—

a
T

Inside Iron (Rf <r < R,)

A, (r,0) = —PHod zn(f)

27 a

prod (1
+7r(u+1)z(

(—)n+1cos (n(gp—16)) .

2rr  wa(p+1)

Outside Iron (r > R,)

piol prol &
= >

I 2o
A, (r,0) = -2 zn(f) 4 b
T

27 a

(n+1)’

(5)(2) costnts-op

o0

B — 2p uoIZ

w+1ffam11_(ﬁﬂ

a

(&) sintno -0

T
00

oI 2 oI
By = ol 2 T 55

2rr " (u 1) ma g (e

a

(&) costnia—o)

T

?
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(1.5.69a)

(1.5.69b)

(1.5.70)

(1.5.71a)

(1.5.71b)

(1.5.72)

(1.5.73a)

(1.5.73b)
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Field Harmonics

The field harmonics are given by :

a

b, = 10" (&)" cos((n+1)¢)

(1.5.74b)
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1.5.3.4. Field and Harmonics due to Current Blocks in Air

The expressions derived for the line current in the section 1.5.3.1 are extended here for
one or more blocks of current. The geometry of the problem is such that a wire is replaced
by a radial block between radii p; and p, and angle ¢, and ¢,. The block has a constant
current density J such that the total current is still I with I = 1J(p3 — p2)(¢2 — ¢1). To
compute the vector potential and component of field at (7, 6) Eq. (1.5.36) and Eqgs. (1.5.41)
should be integrated [179] as (for r<pr )

o0

) (—)"a da /¢ cos[n (¢ — 6)] de, (1.5.75)

o () G
o0 P2 pod n—1 P2 )
B, (r,0) = Z/ %(2) a da/ sin[n(¢ —0)]do, (1.5.76a)
00 P2 n—1 &2
B, (r,6) = —Z/ ’2‘7;2 (2) a da/ cos[n(¢—0)] db.  (1.5.76b)
The integration of the above equations for the vector potential and the field components
gives :
A, (1,0) = 22T (o, — ) [sin (6, — 0) — sin (4, ~ 6)]
+ T (22 fin (26, - 9) — sin (261~ O)
S 11
o X g )
[sin (n (¢ — 0)) — sin(n (¢ — 0))], (1.5.77)
od
B, (r,0) = ~5~(p2 — p1) [cos (¢2 — 6) — cos (¢1 — )]
oJ 2
_ /‘M’" In (%) [cos (2 (¢ — 0)) — cos (2 (¢ — 6))]

':M

(1 1)X
= n—2) 2

[cos (n (¢s — 0)) — cos (n(p1 — 0))], (1.5.78a)

By (r,0) =~ (py — 1) [sin (92 — 0) — sin (41 — 0)
- ";;f’" tn () fsin (2 (62 - 0)) — sin (2 (61 - )
n 1 1 1
HEZ: (n—2) (PZ‘Z B p’f‘z) :
[sin (n (¢2 — 0)) — sin(n (¢, — 0))]. (1.5.78b)

Now the harmonics components a, and b, (the dimensionless coefficients as defined

in Egs. (1.5.31)) are computed due to the field from a single current block. It should be
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noted that the summation of a, and b, starts from n = 0 instead of n = 1 in Eq. (1.5.78).
For n > 1 and harmonics normalized to the dipole field, the following expressions for the

normal and skew harmonics at a reference radius R, are obtained using the procedure of

Eqgs. (1.5.42):
_10'RR [/ 1 1
b=y G~ )= 00)
sin((n+1)¢s) —sin((n+1)¢)

o () — st (63 , (1.5.794)
o= ﬁ”ﬁ% (5= 55 ) o= )
cos (v ;i)(zz; - Z:ZEEZ; D), (1.5.798)
and the harmonic expressions for n = 1 are
b, = 10'Roin (52) sin (26) — sin (291) (1.5.80a)

) (

P2 = p1 sin (¢;) — sin (¢1) ’

_10'Ruin (5) cos (264) - cos (261)

a, = : : : (1.5.80b)
P2~ P1 sin (¢2) — sin (41)

To compute A, and B, (having the dimensions of field and defined in Egs. (1.5.21))

one derives the expressions for field components from Eqs. (1.5.78) at a reference radius R,

in the form of :

B, = ”i::l (RLO)H_l [B, sin(nf) + A, cos(nf)], (1.5.81a)
B, = il (RLO)H B, cos(nd) — A, sin(nf)], (1.5.81b)
to obtain
A = —"207;7(,)2 — p1)[cos () — cos (1)), (1.5.82a)
OJRO 2
A, = —"7177, (%) [cos (2¢5) — cos (241)], (1.5.82b)
for n >3
pd RUO(1 1
A, = o7 n(n—2) (pg_2 — PT_Z) [cos (ngy) — cos (ng1)],  (1.5.82¢)
and
B, = —"2":(,)2 — p1)[sin () — sin (¢1)], (1.5.83q)
OJRO 2 . .
B, = ey, (%) [sin (242) — sin (261)], (1.5.83b)
for n >3

JS R /1 1\, . ,
B, = 'u2ﬂ_ "2:; n(n—2) (pg_2 - PT_Z) [sin (ng2) — sin(ng,)]. (1.5.83¢)
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In a typical superconducting magnet several current blocks are used to generate the
desired multipolar field. In order to compute the harmonics due to several current blocks,
the field and field harmonics A4, and B, (coefficients having the dimension of field) can be
directly superimposed. However, a,, and b, (dimensionless coefficients) can not be directly

added and they must be obtained from A, and B, as follows :

(1.5.84a)

(1.5.84b)

where the summation k is carried over all k blocks with the k‘" block carrying a current
density of J; and located between radii p;; and po; and angles ¢i; and ¢o;. The A, and
B,, for each current blocks are computed using the expressions given above. The harmonics
are defined such that the fundamental harmonic b, is normalized to 10*.

The field components outside a current block (» > p,) are obtained similarly by inte-
grating Eqgs. (1.5.78) and the results are given below

e o] n+1 n+1

B, (r, Z: P2 - 2p;"+1 [cos (n (P2 — 8)) — cos (n(p1 — 0))], (1.5.85a)
f’é— pg+1 Pt [sin (n(¢s — 6)) — sin(n (¢ — 6))]. (1.5.85b)
—n(n+2)rmt 2 1 . 5.

The field inside a current block (p; < » < p,) can be obtained by dividing the current
block in two parts (a) from radius p; to radius r and (b) from radius r to radius p,. Then
the superimposition principle can be used to determine the field components with the (a)
part evaluated from Eqs. (1.5.78) with p, replaced by r and the (b) part from Eqs. (1.5.85)
with p, replaced by r.
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1.5.3.5. Field Harmonics due to Current Blocks in a Cylindrical Iron Shell

As shown in a previous section (Egs. (1.5.67) for r < a), the expressions for the field

component due to current blocks get modified when they are placed inside an iron shell

having an iron inner radius of R and outer radius of R,. The harmonic coefficients A4, and

B,, are enhanced by :

K, =

1+

?

p-1 ( a )an [ [1— (g_:)z"]

g+ 1 \R; 1_(5%) (%)2]
To give
A =K, X A,
and
B, = K, x B,.

The harmonics coefficients a, and b, given in Egs. (1.5.84) are modified to :

b — 104 Ek (Kn+1 Bn+1)k
" Ek (Km+1 Bm+1)k
a. = 104 Ek (Kn+1 An+1)k
" Ek (Km+1 Bm+1)k

(1.5.86a)

(1.5.86b)
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1.5.3.6. COS(mf) Current Distribution for Ideal Fields

In this section, it is demonstrated that an ideal 2m (m=1 for dipole) multipolar field
shape in accelerator magnets can be produced by a COS(m#8) current distribution. In the
last section the expressions for the field and vector potential produced by a line current were
obtained. The field in the cross section of the magnet can be described by superimposing
the field produced by a large number of such wires.

A cylindrical current sheet [12-18] at a radius of a is shown in Fig. 1.5.2, where the
angular current density I(¢) in Amperes/radian as a function of angle ¢ is given by the

relation

I(¢) = I, cos(mg). (1.5.87)

[In the case of skew harmonics the current distribution is I(¢) = I, sin(md)].

It will be demonstrated that a pure dipole field is created by m=1, quadrupole by m=2,
sextupole by m=3, etc. The total current required (Ampere-turns) per pole for generating
a 2m-pole field is given by

w/2m Io
L. = / I, cos(mg¢) dp = —.

m

In Egs. (1.5.39), the vector potential produced by a single wire at any position is
computed. To obtain the vector potential at (r, #) inside the sheet (i.e. r < a), the expression

is integrated over ¢

A, (r,0) = "207{" 3 (1) (f) /:W cos (mg) cos(n (6 — 6)) dg, (1.5.88)

—\n/\a
to obtain , -
odo (T
A (r,0) = 20 (;) cos (mb), (1.5.89)
where the following trigonometric relations have been used
cos[n (¢ — 0)] = cos (ng) cos(nb) + sin(ng) sin(nf), (1.5.90)
/21r cos (m¢) cos(ng) do = b, ,, (1.5.91a)
/21r cos (m¢) sin(n¢) d¢ = 0. (1.5.91b)
The field components inside the current sheet are obtained by using Egs. (1.5.40)
By (r,0) = —";i" (g)m_l cos (md), (1.5.92a)
olo P\
B, (r,0) = —"2—@ (;) sin (m#) (1.5.92b)

B, (r,0) = 0. (1.5.92¢)
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I(¢) = To COS(me)

[GUPTA.THESIS.FIGURE]IMPHL.DAT;1 12:36:49 , 21-MAY-94 GPLOT

Figure 1.5.2: Computation of the field at (r,8) produced by a current
sheet at a radius a in which the current density varies as a function of angle

given by I(¢) = I, cos(mg).

It may be noted that the magnitude of the field |B| is independent of §. On using
Egs. (1.5.46)

B.(r,0) = - Holo (f)m_ sin ((m—1)8), (1.5.93a)

2a a
P

B, (r,0) — —%L(QmACMQm—1wy (1.5.93b)

2a \a
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For the m=1 case, this generates a pure dipole field, as the field components from E-

gs. (1.5.92) reduce to

I
By (r,0) = _Foto s 9),

2a
B, (r,0) = —'u;—ioszn(e),
and, from Egs. (1.5.93)
B, = 0, (1.5.94a)
B, = - % (1.5.94b)

This implies that a cylindrical current sheet with a cosine 8 current distribution would create
a uniform vertical field inside it. This basic result is widely used in designing supercon-
ducting accelerator dipole magnets, although the actual current distribution is somewhat
modified for practical reasons.

Likewise, for m=2, a pure quadrupole field is generated

I
By (r,0) = — ool 1os (20),

2a?
OIO .
B, (r,0) = _E 27' sin (20),
a
and, from Egs. (1.5.93)
B, —g v, (1.5.95a)
B, =g =, (1.5.95b)

with g = _(:uoIo)/(zaz)‘

Similarly, for m=3, a pure sextupole field is generated

2
By (r,0) = —#"2{;’: cos (30),
poI,r? |
B, (r,0) = — e (36),
and, from Egs. (1.5.93)
B, =25z y, (1.5.96a)
B, =5 (z* - y’), (1.5.96b)

with § = —(u.1,)/(2a?).
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In general, a cos(m#) current distribution gives a 2m order multipole with field com-
ponents given by Egs. (1.5.93).

On the x-axis (midplane), § = 0, these components become

B, (2,0) =0, (1.5.97a)
B, (z,0) = —"é’i" (g)m_l, (1.5.97b)
and on the y-axis
B, (0,y)=0, for m=1,3,5,...
= i";—i"(%)m_l, for m=2,4,6,... (1.5.98a)
B,(0,y) = :E'u;(fo (%)m_l, for m=1,3,5,...

= 0. for m=2,4,6,.. (1.5.98b)

To obtain the field outside the current sheet (r > a), Eqs. (1.5.44) is integrated using
the trigonometric relations given in Eq. (1.5.90)and Egs. (1.5.91)

A,(r,0)= —'uzoIo ln(f) /021r cos (m¢) d¢

T a
odo o= (1 [a\" [*"
s B (D) () [ costma) cos(nis-0) as,
n=1 o
therefore, 4, (r,0) = 'I;O—WI: (g) cos (mb). (1.5.99)
The field components for r > a are obtained using Eqs. (1.5.40)
I m+1
By (r,0) = % (g) cos (mf), (1.5.100a)
oIo mt
B, (r,0) = —"2a (g) sin (m#), (1.5.1000)
B, (r,0) =0, (1.5.100c)

and the (B,, B,) components of the field are obtained as :

B, = B, cos(8) — By sin(9),

and
B, = B, sin(0) + B, cos(9),
therefore,
m+1
B, — _,U;io (%) sin [(m + 1) 6], (1.5.101a)

B, = ko (E)m+1 cos[(m +1)0]. (1.5.101b)

2a \r
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In the case of the dipole (m=1), the field components outside the current sheet, fall as

1 : .
-3, and are given by :

By (r,0) = 'u;f;acos 0], (1.5.102a)
B, (r,0) = —“;f;“sm 0], (1.5.102b)
B, (r,0) = —"“fgasm 26, (1.5.102¢)
B, (r,0) = 'u;f;acos 20]. (1.5.102d)

In deriving the above expressions, for simplicity it is assumed that the current is local-
ized in a sheet. However, in accelerator magnets, the current is present between two radii

a; and a,. It is assumed that the current density in Amperes/m? is given by
J(¢) = J, cos(mg).
For a sheet of infitesimal thickness da, J, is related to the angular current density (I,) as
I, = J, a da,

In this case the expression for the vector potential and field components for r < a are by

integrating Egs. (1.5.39):

A,(r,0)= ,u;;:(, i (ﬂ) /:2 ia da/:Tr cos (m¢) cos(n(¢p—0)) do,

\n ., a®
Therefore,
pod o™ @ 1

A,(r,0)= oy, €03 (m8) /a1 Y da, (1.5.103)

m—1 az 1
By (r,0) = _% cos (me)/ - da, (1.5.104a)

a; Q™7

/l/oJorm_l . az 1
B, (r,0) = ————— sin(m#b) /a1 e da, (1.5.104b)
B, (r,0) = 0. (1.5.104c)

Except for m = 2 case (the quadrupole case, for which the expressions are given later),
one obtains :
gy e (1) (1 (2)"
A, (rf)= ————— )| — 1—-|— 1.5.105
(r,0) = G2t coa (md) (- 27, (1.5.105)
1

/’LoJoal

B (r,0) = =5 225y cos (md) (ail)m_ (1 - (Z—:)m_z) , (1.5.106a)
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/’LoJoal

=) sin (mf) (ail)m_l (1 . (a—:)m_z) , (1.5.106b)

B, (r,0) = —% cos ((m — 1)) (i)m_l (1 B (Z_:

a;

B, (7'7 0) ==

m—2
) , (1.5.106¢)

/’LoJoal

B gy im((m - 1)6) (ail)m_l (1 _ (Z—:

In the case of the dipole (m=1), this gives a vertical field

as — a, Aa
B, = — - .
y ,uOJO( 2 ) ,uOJO( 5 )

For m = 2 (quadrupole), the integration of Eqs. (1.5.104) gives :

B, (r,0) = — m_z) . (1.5.106d)

2
A (r,0) = P 05 (20) In (9) (1.5.107)
4 a;
By (r,0) = _,uonor cos (20) In (%) (1.5.108a)
a
B, (r,0) = _""g"’" sin (20) In (9) (1.5.108b)
a
B, (r,0) = _Hodor cos(8) In (%) (1.5.108¢)
2 a;
B, (r,0) = _""g"’" sin(8) In (9) (1.5.108d)
a

If the sheet thickness Aa = a, —a, is very small compared to the the average radius a =
@, then the expressions in Egs. (1.5.106) for » < a may be simplified to the following
equations since the integral in Eq. (1.5.103) and Egs. (1.5.104) can be approximated as
(Aaj/a™ 1) :

)= e

2m

)m_l cos (m#), (1.5.109)

T
a

A m—1
By (r,0) = _FodoAa ( ) cos (mf), (1.5.110a)

)m_l sin (mé). (1.5.1108)
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1.5.3.7. COS(mf) Current Distribution in a Cylindrical Iron Shell

In superconducting accelerator magnets, the coils are frequently placed inside a cylin-
drical iron yoke to (a) reduce the stray magnetic field outside the magnet and (b) as an
added benefit to enhance the field in the aperture of the magnet. Due to the non-linear
properties of the iron, the fraction of field generated by the iron at any current depends
on how much the yoke is magnetized. This is too complex a problem to solve analytically.
However, one can obtain simple expressions if one assumes that the permeability (u) of the
iron is constant everywhere in the yoke. Expressions for the vector potential and the field
are given for the case in which a COS(mf) current sheet at radius a is inside in an iron
shell with inner radius of R; and outer radius of R,.

In this case, the method of matching the boundary conditions at the air and iron
interfaces, as described in the last section, can be used to include the contribution from the
iron. This is equivalent to the method of images when the effect of the iron is replaced by
the equivalent image currents.

In the presence of a cylindrical iron yoke, the vector potential and the field components

given in Egs. (1.5.89) and Eqgs. (1.5.92), for r < a, are modified to

A, (r,0) = 'I;O—Io cos (mf) (f) X

m a

1+ Z—I (Rif)zm [1 [1 ) ] ’ (1.5.111)

I m—1
By (r,0) = _Boo os (m8) (f) X

2a a

DJ|\

— a \™ 1- (%)Zm
14 Z_Jri (R_f) [1 [(m)z (Rﬂ])zm] , (1.5.112a)

I m—1
B, (r,0) = _Bolo sin (mb) (f) X

2a a

DJ|\

gy (@)
1+Z—+1(R_f) [1[(&1)2(1%“])%] : (1.5.112b)

The other components are obtained using Eqgs. (1.5.46)

B, (r,0) = ~ "% sin((m—1)0) (f)m_l X

2a a
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T (Rif)zm [1 [1 e m] ’ (1.5.113a)

: (1.5.113b)
B, (r,6) = 0. (1.5.113¢)

Similarly, the vector potential and field outside the current sheet but inside the iron,
i.e. a <r < Ry, is given by :
Between Coil and Iron (a <r < Ry)

2m
1_ (B
oL, -1 2m [ (R) ]
A, (r,0) = £ 1+M—(L) 2 2m X
2m pt1\R; [1_(u_—1 (8) ]
pt1 Ra
(3) cos (m#) (1.5.114)
7
R 2m
Hol, p—1/r\" [1_(3_5) ]
B, =-22 — X
pt1 Ra
a m+1 )
(—) sin (mb), (1.5.115a)
7
R 2m
ol p—1/r\>" [1_(3_5) ]
S VRIS .
2a p+ 1\ R; [1 (u__l 2(%)27"]
pt1 a
a m+1
(—) cos (m#). (1.5.115b)
7
Inside Iron (Rf <r < R,)
1/, 2m
A 0 _ l‘l’ll’OI 1 - Z?(R_a)
2 (r,0) = 1 2 7m X
P00 ) ()
p .
(g) cos (mf) (1.5.116)
1/ r 2m
el 1- 4 (7) y
ro— 2
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m+1
(2) sin (mo),
7
1/, 2m
oL, L+ 5 (R_) y
a(p+1) |y (u_:)z %)Zm
" .
a m+1
— 6
(r) cos (m#)
Outside Iron (r > R,)
2pp.l, 1 "
A, (r,0)= PHoZo 5 5 o (2) cos (m#),
e T )
2pps, 1 1 m
B, = — el 5 5 o (2) sin (mb),
T )
2up,1, 1 a mt
h = 5 5 o cos (m#).
T () (B

56

(1.5.117a)

(1.5.117b)

(1.5.118)

(1.5.119a)

(1.5.1195)
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1.5.3.8. Intersecting Circles with a Constant Current Density for Ideal Fields

It has been shown [137] that a pure dipole field can be created simply by two intersecting
circles carrying constant current densities in opposite directions. To demonstrate this, the
field is evaluated inside and outside a circular conductor with a radius a and carrying
a constant current density J in the direction of the axis (perpendicular to the plane of

paper). For a radius R > a (outside the conductor), Ampere’s law gives
2rR- H = 7ad® J.

Therefore,
Ja?
H=—. 1.5.120
5 ( )
The direction of the magnetic field is azimuthal, with (z,y) components of the field at any

point outside the conductor given by
Ja? | J (a)\?
1, = —ain(0) = -3 (§) v

Ja? J [a)\?
Hy = ECOS (0) = E (E) L

The field inside the conductor (R < a) can be obtained as

27R-H =7R* J,

i.e., H = % (1.5.121)
with the components of the field being given by
H, = —%R sin(0) = —%y,
J J
H, = ER cos(0) = 5%

Now expressions will be derived for the field produced by the conductors in two inter-
secting circles. The coordinate system is defined such that the x-axis passes through the
centers of the two circles with the origin of the new coordinate system (;t:’, y’) being in the
middle of the two. The distance between the centers of the two circles is s with circle 2 to
the right such that =z, — s=zy+5and y =y, = y’. The direction of the current
is opposite in the two circles, with constant current densities J; and —J, respectively. The

components of the field inside the region created by the two intersecting circles can be

computed by superimposing the field produced by the conductors in the two circles

1

H,=%(,-1),

H, =

y

D8

s
(J1 = J2) + Z(J1‘|‘J2)-
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Two wntersecting circles

#1 [GUPTA.THESIS.FIGURE]FOR001.DAT;9 16:12:47 , 29-MAY-94 GPLOT
#2 [GUPTA.THESIS.FIGUREJFOR002.DAT;2

Figure 1.5.3: This figure shows the two intersecting circles of equal
size with one carrying a current with a constant density J = —J, and
the other J = J,. The two circles are separated by a distance s. In the
intersection region of the two circles, the net current density is zero and
therefore it can be replaced by a current free region. It is demonstrated
that this configuration produces a vertical dipole field given by Jz—"s.

A special case comes when the magnitude of the current densities in the two circles is
J, but the direction is opposite as shown in Fig. 1.5.3. This means that the intersection
region is a current free region which can be used as an aperture for the particle beam and

and the aperture has a constant vertical magnetic field given by H, = Jz—"s.
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It can be shown [14] that four intersecting circles create a quadrupole field and in
general 2m intersecting circles create a 2m-order multipole. The treatment has been also

been extended to ellipses by a number of authors (see for example Beth [14]).
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1.5.4. Complex Variable Method in 2-d Magnetic Field Calculations

The method of complex variable is found very useful in deriving many expressions in
superconducting magnets. [12-18,81] These methods can be applied to 2-dimensional field
computations, which is the case for the most part of long superconducting magnets. Mills
and Morgan [115] have shown that the complex method can also be extended throughout
the ends, however, to the field integral (f B.dz). The complex variables have two parts (real

and imaginary) and the following variables will be used :

z=z + 1y, 1.5.122a

H(z)=H, + i H., 1.5.122b
B(z)=B, + i B,, 1.5.122¢

1.5.122d

( )
( )
( )
W(z)=—(A + i¢) + constant. ( )

where W is the complex potential having ¢ and A (scalar and vector potentials) as the two

components, and ¢ = +/—1. z* is the complex conjugate of z with

In the 2-d case the following relations are valid :

0A
B, = — 1.5.12
* = By (1.5.123a)
0A
B, = -5, (1.5.123b)

with B, = popH,,

and B, = popH,.

Moreover, in air (uz = 1),

1 d¢ 1 04
HI ==, 1.5.124a
po 0z po Oy ( )
H, = —i@ = _LG_A (1.5.124b)

Ko Oy o O

The Cauchy-Riemann equations are the necessary and sufficient conditions for a func-

tion to be analytic in Z-plane. For a function F, = u + ¢ v, these conditions are:
Ou Ov
— = = 1.5.125
Oc Oy’ ( %)
Ou Ov
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In a medium free of magnetic material with g = 1, Eqgs. (1.5.124) gives

04 08¢
8z 8y’
04 8¢
8y — 0c’

which are the Cauchy-Riemann conditions for W(z) = —(A +i¢) + constant to be analytic.
In the same way, B(z) (and similarly H(z)) is analytic if :

8B, _ 0B,
oz Oy’
8B, _ 0B,
oy Oz’

which are just Maxwell’s equations in a current free region. It may be noted that the choice
of variable B(z) as B(z) = B, + iB, is important since B, and B, do not the satisfy the
Cauchy-Rieman conditions if the variable is B, 4 i¢B,.

Since W(z) is analytic, the derivative of W (z) gives the the complex field function :

dw  0A . 0¢ . 0A 08¢ _ . B
dz 6z ' 9z " Oy ay_H”+ iH, = H(z).

To deal with a region with current, a new analytic function is defined as follows :

1 .
F(z)=B(z)— E,quz* = (B, — tpoJz) + i (By + tpody), (1.5.127)

where the current density J is constant throughout the region. The Cauchy-Riemann

conditions become :

aalzy — shod = 331;’ + ih0d
aaliy - 33? = o

o, OB _ OB

aazj; . aazzy .

which are Maxwell’s equations in the presence of current.
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1.5.4.1. Field due to an array of Line Currents

The complex potential at a point z, due a current flowing in a direction perpendicular
to the Z-plane at z = z,, is given by :

I
Wi(z) = Py log(z — 2z,) + constant ,

and the magnetic field is given by :

H(z) = Z—T = ﬁ (1.5.128)

The direction of the field is that of (z — z,)*, which is perpendicular to the vector (z — z,).
The superposition principle can be used to obtain the field due to n filaments with the k"

filament carrying I, amperes and located at z = z;, :

H(Z) - 2271'

Y oy (1.5.129)

Cauchy’s Residue Theorem gives [29]
% f(z) dz = 27riZRes (ax), (1.5.130)
¢ k

where Res(ay) are the residues which are defined as the coefficients of i inside the
contour C over which the contour integral of the function f(z) is taken. Applying this to
Eq. (1.5.129) while taking the contour integral of the field around the wires in the Z-plane,

one obtains
fﬂ(z) dz = i Y I. (1.5.131)
k=1

which is basically Ampere’s law.

The Cauchy integral formula [29] gives :

fz) = — f 1@ 4, (1.5.132)

T2 Jo (2 - 2)

where the function f(z) is analytic everywhere within and on a closed contour C and f(z,)

is the value of f(z) at z = z,.



REVIEW OF THE FIELD 63

1.5.4.2. Beth’s Current Sheet Theorem

Beth’s “Current Sheet Theorem” [12-18] can be derived from Eq. (1.5.131). As shown
in Fig. 1.5.4 the current sheet is made up of a number of filaments carrying a total current
AT perpendicular to the Z-plane along the curve from z to z + Az. A contour integral on

a closed path enclosing the current sheet will give
%H(Z) dz = 1 Al

Now if the path is squeezed from the right and left sides (indicated by the subscripts R and
L) on to the current sheet, then in the limiting case one obtains

dI

HR(ZO) - HL(ZO) = 257

(1.5.133)

where Hg(z,) and H(z,) are the limits of the analytic functions Hy(z) and H(z) when
z approaches z, from the right and left and % is the limit of % when Az approaches 0 at
any z.

The above equation Egs. (1.5.133) is called Beth’s current sheet theorem. To obtain

another equation in potential form this equation is integrated to give
Wg(z,) — Wi(z,) = i1 + Constant , (1.5.134)

where Wg(z,) and Wi (z,) are the limits of the analytic functions Wg(z) and Wi (z) when

z approaches z, from the right and left.
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Beth's Current Sheet

W (2)
Z + Az
H )
Al
W.(2)
HY(Z)

[GUPTA.THESIS.FIGURE]FOR001.DAT;7 14:38:14 , 29-MAY-94 GPLOT

Figure 1.5.4: Beth’s current sheet is shown here, which is made up of
a number of filaments, carrying a total current Al perpendicular to the
Z-plane along the curve from z to z + Az. The sub-script “R” denotes the
right side and “L” denotes the left side to the sheet.

64
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1.5.4.3. Example — Cos(m 0 ) current distribution

As an example of use of the complex variable methods, expressions are derived here for
the field due to a cylindrical current sheet at a radius r = a, as shown in Fig. 1.5.2. An

angular current density distribution, mentioned earlier, is :

j—i = I, cos(mg).
In complex coordinates, the above current sheet is located at z = a e'®. Then,
I (d_I)/(%) _ I, cos(ma)
dz  \d¢ d¢)  iae?

Since H(z) is analytic both inside and outside the current sheet, a general expression
for the field to remain finite inside the current sheet (r < a) is H;, = Y, a,2" and for
outside the current sheet (r > a) is H,u: = >, bz~ ™. To obtain the coefficients a, and b,,
the fields (H;,) and (H,,:) are linked using Beth’s current sheet theorem (Egs. (1.5.133))
as follows :

cos (mg)

Hout - Hin :Io a €i¢

_ I, [e—i(m+1)¢+ei(m—1)¢]

ElO ()]

The right hand side of the above equation gives the field on the current sheet and it acts

as a boundary condition which must match interior and exterior solutions. Hence a,=0 for

n#m-1 and b,=0 for n#m+1, giving

_I m—1
Hin = i (i) |Z| < a,
a

Io a m+1
Hout = (;) |Z| > a.




